1,2 establish a rigid phase-coherent link between microwave and optical domains and are emerging as high-precision tools in an increasing number of applications 3 . Frequency combs with large intermodal spacing are employed in the field of microwave photonics for radiofrequency arbitrary waveform synthesis 4,5 and for generation of THz tones of high spectral purity in the future wireless communication networks 6, 7 . We demonstrate for the first time self-starting harmonic frequency comb generation with a THz repetition rate in a quantum cascade laser. The large intermodal spacing caused by the suppression of tens of adjacent cavity modes originates from a parametric contribution to the gain due to temporal modulations of the population inversion in the laser 8, 9 . The mode spacing of the harmonic comb is shown to be uniform to within 5 × 10 −12 parts of the central frequency using multiheterodyne self-detection. This new harmonic comb state extends the range of applications of quantum cascade laser frequency combs 10-13 .
Optical frequency combs
1,2 establish a rigid phase-coherent link between microwave and optical domains and are emerging as high-precision tools in an increasing number of applications 3 . Frequency combs with large intermodal spacing are employed in the field of microwave photonics for radiofrequency arbitrary waveform synthesis 4, 5 and for generation of THz tones of high spectral purity in the future wireless communication networks 6, 7 . We demonstrate for the first time self-starting harmonic frequency comb generation with a THz repetition rate in a quantum cascade laser. The large intermodal spacing caused by the suppression of tens of adjacent cavity modes originates from a parametric contribution to the gain due to temporal modulations of the population inversion in the laser 8, 9 . The mode spacing of the harmonic comb is shown to be uniform to within 5 × 10 −12 parts of the central frequency using multiheterodyne self-detection. This new harmonic comb state extends the range of applications of quantum cascade laser frequency combs [10] [11] [12] [13] .
Several techniques to generate optical frequency combs (OFCs) have been demonstrated
in the last decades based on different nonlinear mechanisms that fulfill the modelocking condition. Originally, passively modelocked lasers based on saturable absorption and Kerr lensing were used to create short light pulses, and were subsequently shown to also constitute frequency combs. This type of modelocking is an example of amplitude-modulated modelocking, so-named for the temporal behavior of the electric field of the emitted light. However, these techniques usually result in elaborate optical systems. More recently, new routes promising chip-scale comb generators have been investigated based on optically-pumped ultra-high-quality-factor crystalline microresonators [14] [15] [16] and on broadband quantum cascade lasers (QCLs) with specially designed multistage active regions 10, 17 . In both cases the essential underlying mechanism responsible for the generation of OFCs is cascaded four-wave mixing (FWM) enabled by a third-order χ (3) Kerr nonlinearity. The temporal behavior of these OFCs is not restricted to ultrashort pulses but can represent rather sophisticated waveforms due to a non-trivial relationship among the spectral phases of the comb teeth. In fact, the output of a QCL-based frequency comb resembles that of a frequency-modulated laser with nearly constant output intensity 10, 18 .
A novel mechanism of OFC generation in QCLs was suggested by the recent discovery of a new laser state 19 , which comprises many modes separated by higher harmonics of the cavity free spectral range (FSR) (Figure 1a ). This spectrum radically differs from that of fundamentally modelocked QCL combs where adjacent cavity modes are populated ( Figure   1b ). This new state is achieved by controlling the current so that the QCL first reaches a state of high single-mode intracavity intensity. When this intensity is large enough, an instability threshold is reached caused by the χ (3) population pulsation nonlinearity, favoring the appearance of modes separated by tens of FSRs from the first lasing mode. In this work, we verify the equidistance of these modes, thereby proving that QCLs are capable of harmonic modelocking and concomitant high-repetition-rate OFC generation. While
OFCs with repetition frequencies in the range between 10 and 1000 GHz have already been demonstrated in optically-pumped microresonators 14 , the generation of high-repetition-rate
OFCs based on harmonically modelocked QCLs presents the advantage of a truly monolithic, electrically-driven source. It is notable that this type of modelocking does not require additional intracavity nonlinear elements such as saturable absorbers, or mode-selection elements, such as Bragg reflectors, that were used to achieve passive harmonic modelocking at THz repetition rates in other semiconductor lasers 20 . Rather, the modes are locked passively due to the behavior of the QCL gain medium itself.
In this work we employed two Fabry-Perot (FP) QCLs fabricated from the same growth process with 6 mm-long cavities and emitting at 4.5 µm (see Methods for details). The devices are coated with a high-reflectivity coating (R ≈ 1) on the back facet and an antireflection coating (R ≈ 0.01) on the front facet. Due to the cavity asymmetry introduced by the coatings, the harmonic spectra produced by these lasers exhibit sidebands with much larger separation than that of nominally identical uncoated devices, a phenomenon attributed to a weaker population grating favoring a coherent instability with larger sideband
These devices exhibit four distinct laser states as a function of the injected current which are shown in Figure 2a . Starting from single-mode operation and slowly increasing the bias, one can observe the harmonic state appearing at a pump current only fractionally higher than the lasing threshold. No beatnote at the cavity roundtrip frequency (f rt ) is observed in this regime (Figure 2b) an RF comb whose equidistant spacing can be accurately verified using electronic frequency counters.
For the multiheterodyne experiment we use two QCLs, one operating in the harmonic regime (QCL 1 ) and the other in a fundamentally modelocked regime (QCL 2 ) acting as a reference comb with an intermodal spacing of ∼7.7 GHz. We employ a self-detection scheme in which the light emitted from QCL 1 is injected, after passing through an optical isolator, into the cavity of QCL 2 ( Figure 3f ). The latter acts at the same time as a reference comb and a fast photomixer 23 , from which we can extract electrically the multiheterodyne signal generated by the intracavity beating of the optical fields of the two lasers. The attractive feature of this scheme is that it provides better signal stability as compared to a standard approach utilizing an external fast photodiode. The description of this method is relegated to the Supplementary Materials while its result is given for comparison in Figure 3g ,h.
The emission spectra of the harmonic and reference comb measured using the selfdetection scheme are shown in Figure 3a ,b. QCL 1 is operating in the harmonic regime, while QCL 2 is operating in a fundamentally modelocked regime exhibiting adjacent cavity modes that constitute an equidistant grid with a spacing defined by f rt (Figure 3c,d) . Interestingly, several prominent peaks not lying on this grid can be identified in the spectrum of QCL 2 (marked by green triangles in Figure 3b -d) corresponding to modes injected from QCL 1 into QCL 2 . The pairwise beating of the modes of the harmonic state with the nearest modes of the reference comb produces the multiheterodyne spectrum shown in Figure 3e .
To assess the locking of the harmonic modes we further downconvert the multiheterodyne signal with an RF mixer and select three beatnotes of the spectrum using bandpass filters whose output is fed into three synchronized frequency counters. 
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II. MULTIHETERODYNE DETECTION EXPERIMENTS A. Frequency counting
A key feature of the downconverted RF spectrum produced in a multiheterodyne beating experiment (see Figure 3e) is that its spacing is directly linked to the spacing of the two optical spectra producing it. Specifically, given the repetition rates f rep, 1 and f rep, 2 of the harmonic state of QCL 1 and single-FSR-spaced comb state of QCL 2 , respectively, the spacing of the multiheterodyne spectrum is f rep, 1 mod f rep, 2 . Therefore, measuring the spacing uniformity of the multiheterodyne spectrum allows one to directly verify the equidistant spacing of the harmonic state. Three selected beatnotes of the downconverted RF spectrum generated in the multiherodyne experiment described in the main text are shown in We develop a linear theory of the sideband formation due to FWM within a 1D cavity model described by the Maxwell-Bloch equations
where D is the diffusion coefficient of the population inversion ∆, E is the electric field, ρ ul is the off-diagonal density matrix element at the laser transition, n is the effective refractive index of a given transverse waveguide mode, κ = 4πΓ/c 2 L p with Γ being the optical confinement factor and L p the length of one period of the active region.
As both facets have the same reflectivity, any single-frequency component is a standing wave. Assuming that the reflection on the facets gives a zero phase shift and the laser cavity is between z = 0 and z = L, the spatial structure is cos(kz), with kL = integer × π. We assume that the laser starts at a central mode and then two weak sidebands appear which have equal detunings δω and −δω, as required by energy conservation. Also, the wavevector detunings are equal and opposite between the two sidebands corresponding to the phase matching requirement. If the sidebands are weak, we can keep only the couplings to the first order of the sidebands; then no other frequency components will appear. So we can use the set of ansatzes
where
Here we have kept only the relevant terms to the first order. We will first solve for the steady state in the presence of the central mode. Assuming the field of the central mode E 0 to be not too strong so that the Rabi frequency d|E 0 |/ is smaller than the saturation value 1/ √ T 1 T 2 , we can keep terms up to the order |E 0 | 2 . This is equivalent to the χ (3) approximation for the resonant gain nonlinearity. Proceeding in this way we obtain linear equations for complex sideband amplitudes. The phase part of these equations is
The amplitude equations are obtained by taking into account that in the linear theory both sidebands grow in time exponentially with gain g, i.e. as e gt :
The parameters α are related to the susceptibility tensor as
and the expressions of α are
where ∆ th is the threshold population inversion, and T (Fig. 4) . In these plots we include the GVD effect due to the material and waveguide through the frequency dependence of the refractive index n(ω) = cω 0 β GV D .
The frequency pulling is plotted as a function of subthreshold GVD in 
